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In the simplest inflationary model V = 1
2
m2φ2, we provide a prediction accurate up to 1% for the
spectral index ns and the tensor-to-scalar ratio r assuming instantaneous reheating and a standard
thermal history: ns = 0.9668 ± 0.0003 and r = 0.131 ± 0.001. This represents the simplest and
most informative point in the (ns, r) plane. The result is independent of the details of reheating
(or preheating) provided the conversion to radiation is sufficiently fast. A slower reheating or a
modified post-inflationary evolution push towards smaller ns (and larger r), so that our prediction
corresponds to the maximum ns (and minimum r) for the quadratic potential. We also derive similar
results for a general V ∝ φp potential.
Introduction.—Recently, the BICEP2 collaboration [1]
has detected B-modes in the polarization of the cosmic
microwave background (CMB) at large angular scales.
This signal has been interpreted both as a detection of
primordial gravitational waves and as microwave emis-
sion by polarized dust [2]. Although we have to wait for
the dust to settle, this detection motivates to explore the
consequences of a large tensor-to-scalar ratio r. One rel-
evant point is that if r ∼ O(0.1), it will be possible in
future observations to ultimately measure r with a pre-
cision of 1% [3]. This precision requires both to go to
second order in slow-roll and to know the number of e-
folds N up to ∆N ∼ 0.5 [4]. Thus, one has to specify
the details of reheating (for a recent study see [5]) and
include subleading corrections in the predictions of r and
ns, which are usually neglected.
In this paper we focus on the inflationary model V =
1
2m
2φ2, both because it is simple and because it is the
only case in which predictions can be made without fur-
ther assumptions about the behaviour of the potential
between the inflationary region and the final minimum.
We provide improved formulas for ns and r that are cor-
rect up to 1% relative errors, in the limit of fast reheating
(the details turn out to be irrelevant as long as the en-
ergy is transferred to radiation fast enough) and with
a standard expansion history after inflation. Deviations
from this scenario, such as a slower reheating, entropy
injections due to phase transitions, higher number of de-
grees of freedom at reheating, additional periods of mat-
ter dominance or inflation, move the predictions in the
direction of higher r and lower ns. In this sense, the val-
ues for ns and r we provide are the “endpoint” on the line
in the (ns, r) plot for V =
1
2m
2φ2, corresponding to the
largest possible N . This point deserves special attention,
because in some sense it is the most informative place
in the (ns, r) plane: if data eventually converge there, it
will be possible to have strong bounds on any deviation
from this minimal scenario.
Predictions for instantaneous reheating.—In order to
determine the point in the (ns, r) plane that corresponds
to the limit of instantaneous reheating, we will start the
calculation in the usual way and refine some of the steps.
Take a mode with comoving momentum k∗, which crosses
the horizon during inflation when the scale factor is a∗,
k∗ = a∗H∗. We want to compare the wavelength of this
mode with the size of the horizon today
k∗
a0H0
=
a∗
aend
aend
arh
arh
a0
H∗
H0
, (1)
where aend is the scale factor at the end of inflation and
arh the scale factor when radiation starts to dominate.
Of course this splitting in various phases is somewhat
arbitrary and one expects to introduce errors of order
∆N ∼ 1. However, we will show later, using numerical
solutions, that our analytical calculations are accurate
up to 1%. In our analytical calculation, we will assume
instantaneous reheating: aend = arh. Under these as-
sumptions Eq. (1) becomes
k∗
a0H0
= e−N
arh
a0
H∗
H0
, (2)
where N is the number of e-folds from the moment the
mode k∗ crosses the horizon until the end of inflation.
Let us calculate the different terms on the rhs of Eq. (2).
The number of e-folds is given by
N =
∫ tend
t∗
Hdt =
∫ φ∗
φend
1√
2H
dφ
Mpl
. (3)
The slow-roll parameter H is related to the derivatives
of the potential as
H ≡ − H˙
H2
= V
(
1− 4
3
V +
2
3
ηV
)
, (4)
where V and ηV are defined as
V ≡ 1
2
M2pl
(
V ′
V
)2
, ηV ≡M2pl
V ′′
V
. (5)
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2For V = 12m
2φ2, we have V = ηV = 2M
2
pl/φ
2, and the
number of e-folds from Eq. (3) is given by
N =
1
4
φ2∗ − φ2end
M2pl
+
1
3
log
φ∗
φend
+ · · · . (6)
The first term is the standard result, while the second is
the next to leading order in the slow-roll expansion. No-
tice that typically, given that φ∗  φend, both φ2end and
the logarithmic correction are dropped in the usual cal-
culation, but we are going to keep them here. Of course,
the formula above must break down towards the end of
inflation because higher slow-roll corrections (encoded in
+ · · · ) become important. Naively this can change the
result for the number of e-folds by order one. However,
as we will show later, Eq. (6) appears to be an excellent
approximation to the numerical solutions.
The first fraction on the rhs of Eq. (2) can be evalu-
ated using entropy conservation. Here we are assuming
that none of the processes in the early universe lead to
an entropy injection. This is a good approximation for
the known phase transitions (electroweak and QCD). If
entropy is conserved, then
grh∗ a
3
rhT
3
rh = a
3
0T
3
γ
(
2 +
4
11
gν∗
)
, (7)
where grh∗ is the number of degrees of freedom at the
end of inflation, gν∗ the number of degrees of freedom of
neutrinos, Tγ is the temperature of the CMB photons
today, and we have set the temperature of neutrinos to
T 3ν =
4
11T
3
γ . For the 3 neutrino species, g
ν
∗ = 21/4, and
the first ratio on the rhs of Eq. (2) becomes
arh
a0
=
Tγ
Trh
(
43
11grh∗
)1/3
. (8)
To calculate the temperature at the beginning of ra-
diation dominance, we will assume that inflation ends
when a¨ = 0. Although this definition is arbitrary, one
can check that analytical results with different choices of
the point where inflation ends (some popular choices are
V = 1 or φend = 1Mpl) give the same predictions within
the precision we are working at. Assuming that φ˙ has
the attractor value φ˙ = −√2/3mMpl, from the relation
H˙ =
a¨
a
−H2 = −1
2
φ˙2
M2pl
, (9)
one finds that inflation ends at φend =
√
4/3Mpl. The
energy density at the end of inflation is
ρend =
1
2
m2φ2end +
1
2
φ˙2 = m2M2pl. (10)
In our toy model this energy density is instantaneously
converted into radiation with temperature
Trh =
(
30m2M2pl
pi2grh∗
)1/4
. (11)
This fixes the ratio arh/a0.
The last fraction on the rhs of Eq. (2) depends on H∗
H∗ =
m
3
√
1 +
3
2
φ2∗
M2pl
≈ mφ∗√
6Mpl
. (12)
The mass of the inflaton is determined from the normal-
ization of the power spectrum
∆2ζ =
k3
2pi2
Pζ =
1
96pi2
φ4∗
M4pl
m2
M2pl
. (13)
Replacing all previous results in Eq. (2), we obtain a
relation between φ∗ and k∗
log
k∗
a0H0
=
1
4
φ2end − φ2∗
M2pl
− 1
3
log
φ∗
φend
+ log
Tγ
H0
− 1
12
log grh∗ +
1
4
log ∆2ζ + log
4pi(43/11)1/3
28801/4
. (14)
Setting grh∗ = 106.75, H0 = 1.5 × 10−42 GeV, Tγ =
0.235× 10−12 GeV and ∆2ζ = 2.19× 10−9 (1) [6] we get
log
k∗
a0H0
= −1
4
φ2∗
M2pl
− 1
3
log
φ∗
Mpl
+ 63.3. (15)
The logarithmic contribution in this equation is very
small and a very good approximate solution is
φ∗
Mpl
= α− 2
3α
logα , α = 2
(
63.3− log k∗
a0H0
)1/2
.
For the pivot scale k∗ = 0.002 Mpc−1, the numerical
value for α is α = 15.6. Once φ∗ is known, it is an easy
exercise to calculate the tensor-to-scalar ratio and the
spectral index. For a quadratic potential V = ηV, and
at second order in slow-roll [7]
r = 16V
(
1− 2
3
V + 2CV
)
,
ns = 1− 4V − 2V
(
8C +
14
3
)
, (16)
where C = −2 + log 2 + γ and γ = 0.75521 . . . is Euler-
Mascheroni constant. The prediction for the endpoint of
the quadratic inflationary potential in the limit of instan-
taneous reheating is
ns = 0.9668± 0.0003, and r = 0.131± 0.001, (17)
1 Strictly speaking, this value of ∆2ζ is given for k = 0.05 Mpc
−1.
Although k∗ can be different from this scale, ∆ζ appears only
inside logarithms and the error one makes is much smaller than
the precision we want to achieve.
3for k∗ = 0.002 Mpc−1. This point corresponds to the
number of e-folds N = 60.7± 0.5.
The point in the (ns, r) plane defined by these two
values corresponds to the maximum value of N for the
quadratic potential: changes with respect to this minimal
picture decrease N . A slower reheating gives a lower N .
The same happens if we increase the number of relativis-
tic degrees of freedom at reheating. The dependence of N
on g∗ is anyway very mild, N ∼ − 112 log g∗, see Eq. (14),
and one should vary g∗ by orders of magnitude to get
a relevant effect. Another effect that pushes towards a
smaller value of N is entropy injection during the thermal
history of the Universe. For example this happens with
a first-order phase transition or when a massive particle
goes out of thermal equilibrium before decaying. Notice
also that a “standard” equation of state w ≤ 1/3 before
thermalization pushes again towards smaller values of N .
The only way to get to larger values is to have w > 1/3
after inflation, which is a somewhat exotic possibility2.
Numerical checks.—The predictions for ns and r are
derived under a number of assumptions. Given the level
of precision we are working at, one might be worried
that the corrections to the analytical calculation are large
enough to spoil the final result. There are several possible
sources of errors and we discuss them in this section.
The first one is the issue of matching different phases
of evolution before thermalization. One would expect a
sharp matching between different phases to give an error
of order ∆N ∼ 1, and this would be relevant for the pre-
cision we want to achieve. The other problem is that it
is not obvious how our final result depends on the details
of reheating or preheating. To address these two ques-
tions we numerically solved a toy model that describes
the evolution of the inflaton field and of radiation with
energy density ρr
φ¨+ 3Hφ˙+ Γφ˙+m2φ = 0,
ρ˙r + 4Hρr − Γφ˙2 = 0,
3M2plH
2 =
1
2
(
m2φ2 + φ˙2
)
+ ρr. (18)
Γ is a constant that characterises the efficiency of the
transfer of energy from the inflaton field to radiation.
Of course, this is not a realistic model, especially when
preheating effects are relevant, but it will be sufficient to
show that the details of the transition are not relevant,
provided it is fast enough.
In Fig. 1 we show how the total energy density de-
pends on log(a). The initial conditions for the numerical
2 For example one can have a period of kinetic domination (w = 1)
after the end of the slow-roll regime: after that the inflaton can
get trapped in a minimum and reheat the Universe. Even if we
allow for values of w larger than 1/3, one can still get an absolute
bound on the value of N . This is achieved in the extreme case
where w  1 from the end of inflation until BBN: the maximum
value is N ≈ 100 and this corresponds to ns = 0.98 and r = 0.08.
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FIG. 1: Energy density as a function of log(a). Green dot-
dashed line: the standard analytical result. Red solid line:
analytical result using Eq. (6). The grey region corresponds
to numerical solutions between Γ = m/10 and Γ = m/1000.
The improved analytical formula is within 0.3 e-folds from the
numerical solutions for this range of Γ.
integration are φ∗ = 15 Mpl, φ˙ = −
√
2/3mMpl (i.e. on
the attractor solution) and ρr(a∗) = 0. We take a∗ = 1,
m = 6 × 10−6Mpl, and turn on Γ when a¨ = 0 (we are
going to comment on this choice later). Fig. 1 shows the
numerical results for a range of Γ from Γ = m/1000 (cyan
dotted line) to Γ = m/10 (blue dashed line), while the
analytical solution, using Eq. (6), is represented by the
red solid line. For this range of parameters analytical
and numerical results agree within ∆N = 0.3, once ra-
diation dominance is reached. This agreement is better
than what one would naively expect and justify the use of
the analytic formula. Therefore, as long as Γ & m/1000,
the transition to radiation can be considered instanta-
neous in order to make predictions with 1% accuracy. We
also plot the result using the standard analytical formula
Eq. (6) without the logarithmic term (green dot-dashed
line). The difference compared to numerical solutions is
∆N ≈ 1, and it is not accurate enough for the precision
we are working at.
In Fig. 2 we plot the expansion log(a) required to reach
a fixed final energy density (in radiation dominance) as
a function of Γ, for fixed initial conditions. We note that
it flattens out for sufficiently large values of Γ, indicating
that the number of e-folds N becomes insensitive to Γ
in that regime3. To assess the relevance of our choice
of turning on Γ when a¨ = 0, in Fig. 2 we also plot
3 The mild raise at large Γ of the curve corresponding to H = m
is due to the friction induced on the inflaton by the production
of radiation.
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FIG. 2: Dependence of the expansion of the universe log(a)
on Γ for fixed initial conditions and fixed final energy density
(in radiation dominance). Different curves are obtained for
different choices of time at which the inflaton starts to decay.
the curves corresponding to the conditions  = 1 and
H = m. The alternative conditions give a negligible dif-
ference in the amount of expansion. For small values of
Γ the curve steepens and approximately approaches the
analytical expectation a ∝ Γ−1/6.
One may wonder whether our results apply when the
energy transfer to radiation occurs through a preheat-
ing stage. In this case the energy is efficiently con-
verted to light particles and the equation of state quickly
approaches w = 1/3, even if the complete termaliza-
tion of the system will occur much later [8]. To verify
that, within the required accuracy, the phenomenologi-
cal model of Eq. (18) gives results which are quite similar
to what happens with preheating, we plot in Fig. 3 the
evolution of the equation of state w for several values of
Γ (for which our prediction (17) applies, see Fig. 1). This
can be compared with the analogous results of [8, 9]: in
both cases the equation of state reaches w ∼ 1/3 in ap-
proximately 3 e-folds. Therefore preheating models, for a
wide range of couplings, give a sufficiently fast reheating
and lead to our result (17).
It is worth stressing that preheating makes an efficient
conversion to radiation rather natural and compatible
with the approximate shift symmetry that keeps flat the
inflaton potential. Indeed a coupling g2φ2χ2 induces a
quick conversion to χ particle for g2 & 10−10. For these
small couplings one can safely neglect the radiative cor-
rections to the quadratic potential [8].
Other monomial potentials.—Everything we have said
so far can be generalized to other monomial potentials
V = M4−pφp (we focus on p ≤ 2, given the present
experimental bounds). However, unlike the case of a
quadratic potential, we expect that a generic monomial
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FIG. 3: Evolution of the equation of state (averaged over a pe-
riod of oscillation) as a function of log(a) for different values
of Γ.
cannot be extrapolated to the origin. In particular, we
expect the potential to steepen approaching the mini-
mum: this steepening increases N and can thus push the
predictions beyond the would-be endpoint of the exact
φp potential. In the following we assume that the mod-
ification of the potential happens at φ  Mpl, so that
it does not affect the predictions. Otherwise one should
have control of the shape of the potential until the final
minimum [10–12].
Eq. (14) generalizes to
log
k∗
a0H0
=
1
2p
φ2end − φ2∗
M2pl
+
3p− 10
12
log
φ∗
Mpl
+
1
3
log
φend
Mpl
+ log
Tγ
H0
− 1
12
log grh∗ +
1
4
log ∆2ζ
+ log
2pi(43/11)1/3
√
p
5401/4
(
p/
√
3
)p/4 , (19)
with φend = p/
√
3Mpl. For instance, in the cases of V ∝
φ and V ∝ φ2/3, motivated by string-theory monodromy
[10–12], the predictions for the endpoint are
p = 1 : ns = 0.9749, r = 0.0664, N = 60.0,
p = 2/3 : ns = 0.9776, r = 0.0446, N = 59.7.
Independently of p, ns − 1 and r have relative errors
. 1%.
Conclusions.—For a generic potential it is of limited
interest to consider second order slow-roll corrections or
changes in the number of e-folds ∆N ' 1, because the
effects are degenerate with small changes in the shape of
the potential. However, this is relevant for the “simplest”
5inflationary model, i.e. V ∝ φ2 with fast reheating, and
one can make predictions with 1% accuracy. This rep-
resents in some sense the most informative point in the
(ns, r) plane: if future data will be compatible with it, we
will be quite confident about the inflationary potential,
the reheating process and the following thermal history.
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